Abstract. We prove two results about the natural representation of a group G of automorphisms of a normal projective threefold X on its second cohomology. We show that if X is minimal then G, modulo a normal subgroup of null entropy, is embedded as a Zariski-dense subset in a semi-simple real linear algebraic group of real rank ≤ 2.
over Q (cf. [14, ChI; 0.11, 0.23] ). We have a natural composition of homomorphisms: (X, G) is strongly primitive if it is not non-strongly-primitive.
Our second main result is Theorem 1.2 (being generalized to higher dimensions in [9] ).
Theorem 1.2. Let X be a 3-dimensional normal projective variety with only Q-factorial
terminal singularities, and G ≤ Aut(X) a subgroup such that G 0 := G ∩ Aut 0 (X) is infinite and the quotient group G/G 0 is an almost abelian group of positive rank (cf. 2.1
for the terminology). Suppose that the pair (X, G) is strongly primitive. Then X is a complex 3-torus and G 0 is Zariski-dense in Aut 0 (X).
We remark that the almost abelian condition (as defined in 2.1) on G/G 0 is used to show that the extremal rays on X are G-periodic (cf. [25, Theorem 2.13, or Appendix]). is almost abelian of positive rank. Assume that (X, G) is strongly primitive. Then, Aut 0 (X) = {id X } and h 1 (X, O X ) = 0.
We do not have any example satisfying all the hypotheses of Corollary 1.3.
Let τ be a primitive cubic or quartic root of 1, E := C/(Z+Zτ ) and X := E n / diag[τ, . . . , τ ]
(cf. [17, Thm (0. 3)], [26, Ex 1.7] ). Take some g in SL n (Z) such that g acts on X as an automorphism of infinite order and null entropy. When n = 3, the group G := g satisfies the hypotheses of Corollary 1.3, except the strong primitivity which seems hard to verify. The action of g on E n is not strongly primitive (cf. Proof of Cor. 3.8). (2) In Theorem 1.2, the strong primitivity assumption on (X, G) is necessary by considering X = S × T and G = g × Aut 0 (T ) where g is of positive entropy on a K3 surface S, and T a homogeneous curve (P 1 or elliptic).
(3) The projectivity of X in Theorem 1.1 is used in applying the characterization of a quotient of an abelian threefold (cf. [18] ). The projectivity of X in Theorem 1.2 is used in running the minimal model program (only for uniruled varieties).
The following Theorem 1.5 is a direct consequence of [23 
Theorem 1.5. Let X be a compact Kähler (resp. projective) manifold of dimension n and G ≤ Aut(X) a subgroup. Then one of the following properties holds.
(1) G|L C ≥ Z * Z (the non-abelian free group of rank two), and hence G ≥ Z * Z.
is the linear part of Aut 0 (X) (cf. [10, Definition 3.1, p. 240]) and
In particular, either G ≥ Z * Z or G is virtually solvable. In Cases (2) and (3) above, G|L C is finitely generated.
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Entropy and Algebraic group action
In this section, we shall recall some definitions and technical results needed in the proofs and establish some easy consequences or already known facts.
2.1. Terminology and notation are as in [12] . Below are some more conventions. Let X be a compact complex Kähler manifold (resp. a normal projective variety). As
Let P (X) be the closure of the Kähler cone (resp. the nef cone Nef(X), i.e., the closure of the ample cone) of X. Elements in P (X) are called nef.
. By the generalization of Perron-Frobenius theorem (cf. [3] ) applied to P (X), for every g ∈ Aut(X), there is a nonzero nef class L g (not unique) such that
We remark that g is of null entropy if and only if so is g −1 ; if this is the case, then for every non-trivial (1, 1)-class M with g * M = λM, we have |λ| = 1. A group G is virtually unipotent (resp. virtually abelian, or virtually abelian of rank r)
if a finite-index subgroup G 1 of G is unipotent (resp. abelian, or isomorphic to Z ⊕r ). A group G is virtually solvable (resp. almost abelian, or almost abelian of finite rank r, cf.
definition after [16, Thm 1.2] ) if it has a finite-index subgroup G 1 and an exact sequence
such that H is finite, and Q is solvable (resp. abelian, or isomorphic to Z ⊕r ); by Lemma 2.4, G is almost abelian of finite rank r if and only if G is virtually abelian of rank r;
replacing G 1 by a finite-index subgroup, we may assume that the conjugation action of G 1 (and hence of H) on H is trivial; so in the above definition of virtually solvable group, we may also assume H = 1, so that our definition here coincides with the usual definition. 
Let X be a compact Kähler (resp. projective) manifold of dimension n. A sequence
. We remark that for j ≥ 2, the L j which appears in the 
We need the following lemmas for the proof of theorems.
Lemma 2.4. Let G be a group, and H ⊳ G a finite normal subgroup. Then we have:
(1) Suppose that for some r ≥ 1 and g i ∈ G we have:
Then there is an integer s > 0 such that the subgroup
and is of finite-index in G; further, the quotient map γ : 
Replacing G by the intersection of G and the ι-inverse of the identity connected component of G, we may assume that G is connected. Let U(G) (resp. R(G)) be the unipotent radical (resp. the radical) of G. Let U ≤ G (resp. R ≤ G) be the ι-inverse of U(G) (resp. R(G)). Then the embeddings G/U → G/U(G) and G/R → G/R(G), and U and R here meet the requirements of the lemma.
Proof. Consider the exact sequence
For an ample divisor or Kähler class ω of X, our K is a subgroup of Aut ω (X) := {g ∈ Aut(X) | g * ω = ω}, where the latter contains Aut 0 (X) as a group of finite-index (cf. [13,
Proposition 2.2])
. Now the last group below is a finite group
The lemma follows since the connected group Aut 0 (X) acts trivially on the lattice L (and
A more precise version of 2.7 below was proved in [6, 6 .1] for finitely generated groups.
Lemma 2.7. Let G be a group of automorphisms of a compact Kähler manifold X.
Consider an exact sequence of groups:
Suppose N is contained in the union of finitely many connected components of Aut(X).
Suppose both N and Q are virtually solvable. Then G is also virtually solvable.
Proof. Let N ⊆ Aut(X) be the Zariski-closure of N. Replacing G by a suitable finiteindex subgroup, we may assume that Q is solvable. Since
where the latter is a finite group. We have an exact sequence Thus M is solvable. Therefore, G is solvable.
Lemma 2.8. Let X be a compact complex Kähler manifold (resp. normal projective variety), and G ≤ Aut(X) a subgroup. Assume the following two conditions:
(2) Suppose that there is a common nef eigenvector L 1 of H 1 , and further that h 
Then the stabilizer subgroup
Proof. We begin with:
We prove the claim. Take any element g of G. Since H ⊳G, we have ghg
Hence gh a g −1 is in H 1 with a = |H : H 1 |, so it equals h b n for some b = 0 and n ∈ N(H 1 ).
Since the element n of
Now the condition (2) applied to h a and λ := d 1 (h) b = 1, implies the claim.
Return to the proof of Lemma 2.8. Suppose there is some
. By Claim 2.9, we have (with equalities all up to scalars) g
The lemma follows.
Proof of Theorem 2.2
Assertion (2) follows from Assertion (1), so we only need to prove Theorem 2.2(1).
We follow the proof of Oguiso [16, Prop 2.2] . Since G is of null entropy, the subset 
As observed in [16] , g s i ∈ U for some s ≥ 1, and hence
which is unipotent (and hence solvable). This is absurd. Thus, G | L C is virtually solvable. Replacing G by a suitable finite-index subgroup, we may assume that G | L C is solvable and its closure G in GL(L C ) is connected (and solvable). Write G = U ⋊ T where U is the unipotent radical and T a maximal torus in G. As observed in [16] , the image of G via the quotient map G → T is a torsion group in GL(L C ) with bounded exponent and hence a finite group by Burnside's theorem. Thus the index |G : U| < ∞.
To finish the proof of Assertion (1), we may assume that G = U and it suffices to show that G | L is generated by ℓ(ℓ − 1)/2 elements where ℓ = rank L. Regarding G as a subgroup of upper triangular matrices, there is a standard normal series
such that the factor groups are all 1-dimensional. Restricting the series to G | L, we get a normal series of discrete groups whose factor groups are cyclic groups. Thus G | L is generated by ℓ(ℓ − 1)/2 elements. This proves Theorem 2.2.
Proof of Theorem 2.3
(1) was proved in [23, Theorem 1.2]. For (2) , suppose that G is polarized by a quasi-nef
has Ker(G) = N(G), and Suppose that K is not virtually solvable. Consider the exact sequence
where L A is the linear part of Aut 0 (X) and T a compact complex torus (cf. [13, Theorem 3.12] ). This induces the exact sequence (with Q abelian):
We may assume that Theorem 1.5 (2) 
Strong primitivity for threefolds
We prove Theorem 1.2. Replacing G 0 by the identity connected component of its Zariski-closure in Aut 0 (X) we may further assume that
positive-dimensional and closed in Aut 0 (X). Because G acts naturally on the quotient of X modulo G 0 and because of our assumption, we may assume that one orbit of G 0 is a
Zariski-dense open subset of X, i.e., X is almost homogeneous (cf. [23, Lemma 2.14]).
We prove Claim 3. We continue the proof of Theorem 1.2. By Claim 3.1, we may assume that q(X) = 0. 
In [25, Lemma 3.7] , it is proved that a positive power of g i preserves the extremal ray R and hence descends to a biregular automorphism of X 1 . Thus X → X 1 is G-equivariant after G is replaced by a finite-index subgroup. Indeed, we may assume that g i (R) = R so that {g(R) | g ∈ G} consists of no more than |H 0 : G 0 | extremal rays so that a finite-index subgroup of G fixes R. This and the second sentence of the next paragraph are the places where we need G/G 0 to be almost abelian. For (3), suppose the contrary that G (replaced by a finite-index subgroup) acts biregularly on all X i . Then, as in the proof of (4) 
Claim 3.4. It is impossible that NS
Indeed, note that NS C (X m ) is spanned by −K Xm (which is ample over Y ) and the pullback of NS C (Y ), and NS C (X) is spanned by the pullback of NS C (X i ) and (necessarily G 0 -stable) exceptional divisors of X X i . Thus we only need to rule out the possibility that NS C (X) is spanned by −K X , and G 0 -stable divisors D i all of which are necessarily contained in F and hence G-stable.
Write an ample divisor M on X as a combination of −K X and D i 's. Then G ≤ Aut [M ] (X), so |G/G 0 | < ∞ as in the proof of Lemma 2.6, contradicting the assumption. Indeed, note that a smooth threefold has no flip and a flip preserves the singularity type of a threefold. By Claim 3.2, for some m − 1 ≥ t ≥ s, X t X t+1 is a flip and We continue the proof of Theorem 1.2. Take an extremal ray on X s generated by a rational curve ℓ and let X s X s+1 be the flip (cf. Assume that dim D ij = 2 > dim E i = 1. If G 0 acts trivially on some g 0 E i in the set {gE i | g ∈ G}, then G 0 = gG 0 g −1 acts trivially on gg 0 E i , i.e., on all g
This contradicts Claim 3.7 below.
Suppose that G 0 acts non-trivially on some g 0 E i and hence on all gE i (g ∈ G). Then To complete the proof of Theorem 1.2, we still need to prove:
We now prove Claim 3.7. X m → Y is known as an extremal conic fibration. We may take a G 0 -equivariant blowupX → X s to resolve indeterminacy of the composite 
We may also assume that the four maps above are G 0 -equivariant by taking extra blowups so that they are equivariant (noting that G 0 stabilizes extremal rays).
We will reach a contradiction to Claim 3.4. To do so, we consider both Y and Y ′ . If Proof. Taking a G-equivariant resolution, we may assume that X is smooth. With our assumption and the proof of Theorem 1.2, we may assume that X is a complex torus, and ) and is hence between 1 and dim X −1. Note that h 1 h j = h j h 1 holds modulo Aut 0 (X) and hence holds in Aut(X) since both sides fix the origin. Thus h j (B) is contained in X h 1 and hence equals B since it contains the origin. Now g j (x + B) = g j (x) + B. So g j permutes cosets of the quotient torus X/B; the same is true for elements of Aut 0 (X). Thus, the quotient map X → X/B is G-equivariant. This proves Corollary 3.8.
Indeed, if K
Y ′ = P 2 or Y ′ = P 1 × P 1 , then Y ′ has no negative curve to contract, so Y ′ = Y . If Y = F d then GG
Proof of Corollary 1.3
Taking a G-equivariant resolution, we may assume that X is smooth. If q(X) > 0, then, by Claim 3.1, we may assume that X is a complex torus so that Aut 0 (X) = {id X }.
Thus, we may always assume that Aut 0 (X) = {id X }.
Replacing G by G. Aut 0 (X) we may assume that G ≥ G 0 := Aut 0 (X). According to Lemma 2.6, we have G| NS C (X) = G/K where |K/G 0 | < ∞. Thus G/G 0 is also almost abelian of positive rank by assumption. Now Corollary 1.3 follows from Corollary 3.8.
Minimal threefolds
Below sufficient conditions for being a quotient of a torus are given. Proof. Assume the condition (1) in Theorem 4.1. Let
be a closed subcone of the nef cone Nef(X) of X. Let By the projection formula and since A is contained in D, we have
the ample divisor A ′ is still ample because the ample cone of X ′ is open. By Miyaoka's pseudo-effectivity of c 2 for minimal variety, we have
is spanned by ample divisors, we obtain then c 2 (X ′ ) = 0 as a linear form on NS C (X ′ ).
Thus, c 1 (X) and c 2 (X) vanish, and by [18, Corollary, p . 266], we have
where F is a finite group acting on the abelian variety T freely outside a finite set.
Since D and hence C are stable under the action of B := Aut(X), the contraction The next is the key step towards Theorem 1.1.
We recall the notation in the Introduction: For a subgroup G of Aut(X), let G ⊆ GL(NS C (X)) be the Zariski-closure of G | NS C (X) and R(G) its solvable radical, both of which are defined over Q. We have a natural composition of homomorphisms: We now prove Theorem 4.2. Note that ι(G) is contained in G(Q), and is Zariski-dense in G. As in Lemma 2.5, replacing G by a suitable finite-index subgroup, we may assume G is connected. Set R := R(G). The ι : G → G above induces an injective homomorphism:
Indeed, γ is defined over Q (cf. [14, 0.11]). Of course, H is semi-simple. R | NS C (X) is solvable, being embedded in the solvable group R(G). Proof. Let S be a Levi subgroup of G such that G = R(G)S. Our S can be chosen to be defined over Q and the induced composite homomorphism S → G → H is a Q-isogeny In fact, our S(R) and indeed even the larger group G(R) already act on NS R (X) as the extension of the geometrically induced action of the Zariski-dense subgroup G | NS R (X) of G(R), so we do not need Margulis' condition on G | NS R (X) there, for the extension of the action. To be precise, one main purpose of the extra assumption in [7] on the rank of a lattice (acting on X) of a semi-simple real Lie group is to extend the action of the lattice on cohomology groups of X to an action of the real Lie group.
is contained in an arithmetic subgroup of H, hence discrete and finite. This image is Zariski-dense in H(R). Thus H(R) is a finite group and hence G is a finite extension of R, so G | NS C (X) is virtually solvable, which contradicts the assumption. Thus, rk R H is at least one and the lemma is proved. Hence we may assume that R is not of null entropy. We will deduce Theorem 4.2(2).
Take R 1 ≤ R a finite-index subgroup such that R 1 | NS C (X) has connected Zariski-closure in GL(NS C (X)) (and is solvable). Thus Thus we may assume r = 1, i.e., h = R 1 /N(R 1 ) ∼ = Z with h ∈ R 1 of positive entropy.
Proof. Suppose the contrary that the lemma is false. By the 3-dimensional minimal model program and abundance theorem (cf. [12, 3.13] ), the Kodaira dimension κ(X) is positive, In notation of 2.1, there exist two nonzero nef divisors L h , L h −1 (which will be fixed) 
Rewriting h s as h, we may assume s = 1. We have M.
are nef eigenvectors of h * corresponding to eigenvalues λ, d 1 (h), 1/d 1 (h −1 ) and since [8, Lemma 4.4] implies that the product of these three nef divisors is nonzero and hence the sum of these three is a nef and big divisor, perpendicular to c 2 (X). So Theorem 4.2(2) holds true, by Theorem 4.1(1) and Lemma 4.4.
We return to the proof of Theorem 4.2. As proved above, the closed cone Nef(X) ∩ Therefore, we may assume that Ker(ϕ) = N(R 1 ). In particular, χ(h) = 1, where 
so that G/ Ker(ψ) is mapped to an abelian subgroup of (R, +). If Ker(ψ) = N(G), then as in the case of Ker(ϕ) = N(G) above, we take g ∈ Ker(ψ) \ N(G), so c 2 (X) is perpendicular to the nef and big divisor L 1 + L g + L g −1 and hence Theorem 4.2(2) occurs.
Thus we may assume that N(G) = Ker(ψ) which is hence a subgroup of G. Since is not of null entropy. R( G) contains this lifting up to finite index, so it is not of null entropy. Hence we may assume that X = T , a complex torus.
Since every g ∈ G acts on H 1 (X, Z) invertibly, its matrix representation has determinant
hence we may assume thatĜ is contained in SL 3 (C) and connected, after G is replaced by a finite-index subgroup.
Since H * (X, C) := ⊕ i≥0 H i (X, C) is generated by wedge products of H 0 (X, Ω 1 X ) and its conjugate, the null set N(G) is equal to {g ∈ G ; g | H 0 (X, Ω (with |λ| = 1); it has a unique (up to scalar) eigenvector w ∈ H 1 (X, Z) (= the lattice Λ of the torus X = C 3 /Λ) corresponding to the eigenvalue 1 ∈ Q and is proportional to the column vector (1, 0, 0) t (in basis B). Now h or h −1 takes w to α −2 w with |α −2 | < 1. This contradicts the fact that h(Λ) = Λ which is discrete in C 3 = R 6 . Theorem 1.1 is proved.
